We show that the necessary and sufficient condition for the existence of a balanced quatrefoil decomposition of the complete multigraph λK n is n ≥ 9 and λ(n − 1) ≡ 0 (mod 24). Decomposition algorithms are also given. key words: balanced quatrefoil decomposition, complete multigraph
Introduction
In combinatorial design theory and graph-design theory, the decomposition problems of the complete graph into isomorphic subgraphs are very important subjects. Various types of decompositions can be seen in the literature [2] , [6] , [9] , [13] . In this paper, a new type of decomposition, say, foil decomposition will be given.
Definition. Let K n denote the complete graph of n vertices. The complete multigraph λK n is the complete graph K n in which every edge is taken λ times. The t-foil (or the t-windmill) is a graph of t edge-disjoint K 3 's with a common vertex and the common vertex is called the center of the t-foil. In particular, the 2-foil, the 3-foil, and the 4-foil are called the bowtie, the trefoil, and the quatrefoil, respectively. When λK n is decomposed into edge-disjoint sum of t-foils, we say that λK n has a t-foil decomposition. Moreover, when every vertex of λK n appears in the same number of t-foils, we say that λK n has a balanced t-foil decomposition and this number is called the replication number. This balanced t-foil decomposition of λK n is called a balanced t-foil design. (Fig. 1) Ushio and Fujimoto [12] gave the necessary and sufficient condition for the existence of the balanced bowtie decomposition of λK n is n ≥ 5 and λ(n − 1) ≡ 0 (mod 12). Decomposition algorithms were also given.
The purpose of this paper is to give the necessary and sufficient condition for the existence of the balanced quatrefoil decomposition of λK n together with its decomposition algorithms.
In this paper, it is shown that the necessary and sufficient condition for the existence of a balanced quatrefoil decomposition of λK n is n ≥ 9 and λ(n − 1) ≡ 0 (mod 24).
As one of problems that are well known in the field of mathematical programming, there is the Vehicle Routing a) E-mail: ushio@info.kindai.ac.jp
Problem [1] . To solve this problem, a cost allocation problem and a split delivery vehicle routing problem have been studied [3] , [4] , [7] . Recently, Ushio and Fujimoto [10] , [11] considered the complete tripartite graph and the complete graph and took a foil as a simple model of the routing tour. They gave the necessary and sufficient condition for the existence of the balanced bowtie-or the balanced trefoildecomposition of the complete tripartite multigraph and showed also its decomposition algorithms. Moreover, they gave the necessary and sufficient condition for the existence of the balanced t-foil decomposition of the complete graph and showed also its decomposition algorithms.
In the routing tour, we put multicosts, for example, c 1 , c 2 , . . . , c λ on each of λ edges, respectively, between two vertices. Then our balanced quatrefoil decomposition of λK n is a kind of generalization of balanced quatrefoil decomposition of K n as an application to the Vehicle Routing Problem with multicosts.
By the way it is a well-known result that K n has a K 3 -decomposition if and only if n ≡ 1 or 3 (mod 6). This decomposition is known as a Steiner triple system. See Rosa [8] and Wallis [13] . Horak and Rosa [5] proved that K n has a bowtie decomposition if and only if n ≡ 1 or 9 (mod 12). This decomposition is known as a bowtie system. In this sense, our balanced quatrefoil decomposition of λK n is to be known as a balanced quatrefoil system or a balanced quatrefoil design. 
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In general, the balanced K k -decomposition of λK n is called as the Balanced Incomplete Block Design, which is the famous design in combinatorial design theory with various applications to the experimental designs in statistics [6] , [13] .
Let G be a graph with k vertices. For example, P k , C k , S k are a path, a cycle, a star, respectively. The balanced G-decomposition of λK n is called as the balanced G-design, which is a very important subject in graph-design theory [9] .
In this line, our balanced quatrefoil decomposition of λK n or balanced quatrefoil design are to be expected with many applications to combinatorial design theory or graphdesign theory.
Balanced Quatrefoil Decomposition of Complete Multigraphs
Notation. We consider the vertex set V of λK n as V = {1, 2, . . . , n}. So vertex operations i + x in the following theorems are taken modulo n with residues 1, 2, . . . , n.
We denote a quatrefoil with 4 K 3 's (1, 2, 3), (1, 4, 5) , (1, 6, 7) , and (1, 8, 9) 
3 , K
3 ], where K 8, 9 ). Definition. We define the edge length of an edge (i, j) by min{|i − j|, n − |i − j|}. Then the edge length set L of λK n is denoted by L = {1, 2, . . . , (n − 1)/2} for odd n and L = {1, 2, . . . , n/2} for even n.
The t-foil, defined before, is a graph of t edge-disjoint K 3 's with a common vertex. So the appearance number of each vertex in the t-foil is 1.
The t-foiloid is a multigraph of t K 3 's with a common vertex. So the appearance number of each vertex in the tfoiloid is not always 1.
For example, [(1, 2, 3), (1, 2, 4) , (1, 3, 5) ] is a 3-foiloid. And the appearance numbers of vertices 1,2,3,4,5 are 1,2,2,1,1, respectively. (Note that the appearance number of the center vertex 1 must be 1.)
The balanced t-foiloid decomposition of λK n is defined similarly as the balanced t-foil decomposition of λK n . Notation. The t K 3 's in a t-foil or a t-foiloid are denoted in order like sequence. For example, put a 3-foiloid B = [(1, 2, 3), (1, 2, 4) , (1, 3, 5) ]. Then (1, 2, 3) is the first K 3 , (1, 2, 4) is the second K 3 , and (1, 3, 5) is the third K 3 of B. Put a 4-foil D = [ (1, 3, 7) , (1, 4, 8) , (1, 5, 9) , (1, 6, 10) ]. Then we denote B ∪ B = [(1, 2, 3), (1, 2, 4) , (1, 3, 5) , (1, 2, 3) , (1, 2, 4) , (1, 3, 5) (1, 2, 4) , (1, 3, 5) , (1, 3, 7) , (1, 4, 8) , (1, 5, 9) , (1, 6, 10) ], D ∪ B = [ (1, 3, 7) , (1, 4, 8) , (1, 5, 9) , (1, 6, 10) , (1, 2, 3) , (1, 2, 4) , (1, 3, 5) ], and (1, 4, 8) , (1, 5, 9) , (1, 6, 10) , (1, 3, 7) , (1, 4, 8) , (1, 5, 9) , (1, 6, 10) ].
We have the following theorem. Definition. In a balanced quatrefoil decomposition of λK n , let b be the number of quatrefoils r be the replication number. Among r quatrefoils having a vertex v of λK n , let r 1 and r 2 be the numbers of quatrefoils in which v is the center and v is not the center, respectively. Theorem 1. If λK n has a balanced quatrefoil decomposition, then n ≥ 9 and λ(n − 1) ≡ 0 (mod 24). Proof. Suppose that λK n has a balanced quatrefoil decomposition. Let b be the number of quatrefoils and r be the replication number.
All edges of λK n appear in b quatrefoils. Count the edges in b quatrefoils. Then λn(n − 1)/2 = 12b. Thus b = λn(n − 1)/24. Every vertex appears in r quatrefoils. Count the vertices in b quatrefoils. Then nr = 9b. Thus r = 9b/n = 9λ(n − 1)/24.
Among r quatrefoils having a vertex v of λK n , let r 1 and r 2 be the numbers of quatrefoils in which v is the center and v is not the center, respectively. Then r 1 + r 2 = r. Counting the number of vertices adjacent to v, 8r 1 + 2r 2 = λ(n − 1). From these relations, r 1 = λ(n − 1)/24 and r 2 = λ(n − 1)/3. Thus, λ(n−1) ≡ 0 (mod 24). Since a quatrefoil is a subgraph of λK n , n ≥ 9.
Therefore, n ≥ 9 and λ(n − 1) ≡ 0 (mod 24) are necessary. QED Note. The parameters n and λ satisfying the necessary conditions of Theorem 1 can be classified as follows: (i) n ≡ 1 (mod 24), n ≥ 25 for λ ≡ 1, 5, 7, 11, 13, 17, 19, 23 (mod 24) (ii) n ≡ 1 (mod 12), n ≥ 13 for λ ≡ 2, 10, 14, 22 (mod 24) (iii) n ≡ 1 (mod 8), n ≥ 9 for λ ≡ 3, 9, 15, 21 (mod 24) (iv) n ≡ 1 (mod 6), n ≥ 13 for λ ≡ 4, 20 (mod 24) (v) n ≡ 1 (mod 4), n ≥ 9 for λ ≡ 6, 18 (mod 24) (vi) n ≡ 1 (mod 3), n ≥ 10 for λ ≡ 8, 16 (mod 24) (vii) n ≡ 1 (mod 2), n ≥ 9 for λ ≡ 12 (mod 24) (viii) n ≥ 9 for λ ≡ 0 (mod 24). Proof. Obvious. Consider 8 cases (i) (λ, 24) = 1, (ii) (λ, 24) = 2, (iii) (λ, 24) = 3, (iv) (λ, 24) = 4, (v) (λ, 24) = 6, (vi) (λ, 24) = 8, (vii) (λ, 24) = 12, and (viii) (λ, 24) = 24, where (x, y) means the greatest common divisor of x and y.
We use the following extension theorem throughout. Theorem 2. If λK n has a balanced quatrefoil decomposition, then (sλ)K n has a balanced quatrefoil decomposition for every positive integer s. Proof. Obvious. Repeat s times the balanced quatrefoil decomposition of λK n . QED
We have the following theorems. Theorem 3. When n ≡ 1 (mod 24) and n ≥ 25, λK n has a balanced quatrefoil decomposition for every λ. Proof. We consider 2 cases. Case 1. n = 25. Construct 25 quatrefoils as follows: (1, 3, 8) , (1, 4, 10) , (1, 5, 13) ], B 2 = [(2, 3, 13), (2, 4, 9) , (2, 5, 11) , (2, 6, 14) ], B 3 = [ (3, 4, 14) , (3, 5, 10) , (3, 6, 12) , (3, 7, This decomposition can also be written as follows:
The edge lengths of 12 edges of a quatrefoil B 1 are 1,2,. . . ,12, which span the edge length set L = {1, 2, . . . , 12}. The other quatrefoils B i (i = 2, 3, . . . , 25) are constructed cyclically from B 1 . We can see that all edges of K 25 appear and that r 1 = 1 and r 2 = 8. Then they comprise a balanced quatrefoil decomposition of K 25 . (Fig. 2 ) Case 2. n ≡ 1 (mod 24) and n ≥ 49. Put n = 24t + 1. Construct n 4t-foils as follows:
From the careful and patientful observations of the 4t-foil B 1 , the edge lengths of 12t edges of B 1 are 1, 2, . . . , 12t, which span the edge length set L = {1, 2, . . . , 12t}. The other 4t-foils B i (i = 2, 3, . . . , n) are constructed cyclically from B 1 . We can see that all edges of K n appear. Then they comprise a balanced 4t-foil decomposition of K n with r 1 = 1 and r 2 = 8t.
Decompose each 4t-foil B i into t quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of B i . Then they comprise a balanced quatrefoil decomposition of K n with r 1 = t and r 2 = 8t. For more precise considerations, see [11, pp.3135-3136] .
Applying Theorem 2, λK n has a balanced quatrefoil decomposition for every λ. QED Theorem 4. When λ ≡ 0 (mod 2), n ≡ 1 (mod 12) and n ≥ 13, λK n has a balanced quatrefoil decomposition. Proof. Put n = 12t + 1. Construct n 4t-foils as follows:
3 , · · · , K
3 ] (i = 1, 2, . . . , n) .
From the careful and patientful observations of the 4t-foil B 1 , the edge lengths of 12t edges of B 1 are 1, 1, 2, 2, . . . , 6t, 6t, which span the edge length set L = {1, 2, . . . , 6t} 2 times. The other 4t-foils B i (i = 2, 3, . . . , n) are constructed cyclically from B 1 . We can see that all edges of K n appear 2 times. Then they comprise a balanced 4t-foil decomposition of 2K n with r 1 = 1 and r 2 = 8t.
Decompose each 4t-foil B i into t quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of B i . Then they comprise a balanced quatrefoil decomposition of 2K n with r 1 = t and r 2 = 8t.
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Theorem 5. When λ ≡ 0 (mod 3), n ≡ 1 (mod 8) and n ≥ 9, λK n has a balanced quatrefoil decomposition. Proof. Put n = 8t + 1. Construct n 4t-foils as follows:
From the careful and patientful observations of the 4t-foil B 1 , the edge lengths of 12t edges of B 1 are 1, 1, 1, 2, 2, 2, . . . , 4t, 4t, 4t, which span the edge length set L = {1, 2, . . . , 4t} 3 times. The other 4t-foils B i (i = 2, 3, . . . , n) are constructed cyclically from B 1 . We can see that all edges of K n appear 3 times. Then they comprise a balanced 4t-foil decomposition of 3K n with r 1 = 1 and r 2 = 8t.
Decompose each 4t-foil B i into t quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of B i . Then they comprise a balanced quatrefoil decomposition of 3K n with r 1 = t and r 2 = 8t.
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Theorem 6. When λ ≡ 0 (mod 4), n ≡ 1 (mod 6) and n ≥ 13, λK n has a balanced quatrefoil decomposition. Proof. Put n = 6t + 1. Construct n 2t-foils as follows:
From the careful and patientful observations of the 4t-foiloid D 1 , the edge lengths of 12t edges of D 1 are 1, 1, 1, 1, 2, 2, 2, 2, . . . , 3t, 3t, 3t, 3t. The other 4t-foiloids D i (i = 2, 3, . . . , n) are constructed cyclically from D 1 . We can see that all edges of K n appear 4 times. Then they comprise a balanced 4t-foiloid decomposition of 4K n with r 1 = 1 and
Decompose each 4t-foiloid D i into t quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of D i . Then they comprise a balanced quatrefoil decomposition of 4K n with r 1 = t and r 2 = 8t.
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Theorem 7. When λ ≡ 0 (mod 6), n ≡ 1 (mod 4) and n ≥ 9, λK n has a balanced quatrefoil decomposition. Proof. Put n = 4t + 1. Construct n 2t-foils as follows:
From the careful and patientful observations of the 4t-foiloid D 1 , the edge lengths of 12t edges of D 1 are 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, . . . , 2t, 2t, 2t, 2t, 2t, 2t. The other 4t-foiloids D i (i = 2, 3, . . . , n) are constructed cyclically from D 1 . We can see that all edges of K n appear 6 times. Then they comprise a balanced 4t-foiloid decomposition of 6K n with r 1 = 1 and r 2 = 8t. Decompose each 4t-foiloid D i into t quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of D i . Then they comprise a balanced quatrefoil decomposition of 6K n with r 1 = t and r 2 = 8t.
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Theorem 8. When λ ≡ 0 (mod 8), n ≡ 1 (mod 3) and n ≥ 10, λK n has a balanced quatrefoil decomposition. Proof. We consider 3 cases. Case 1. n ≡ 1 (mod 6) and n ≥ 13. By Theorem 6 and Theorem 2, λK n has a balanced quatrefoil decomposition. Case 2. n = 10. Construct 30 quatrefoils as follows: 1, 2 , . . . , 10). Then they comprise a balanced quatrefoil decomposition of 8K 10 with r 1 = 3 and r 2 = 24. (Fig. 3) Applying Theorem 2, λK 10 has a balanced quatrefoil decomposition. Case 3. n ≡ 4 (mod 6) and n ≥ 16. Put n = 6t+4. Construct 2n (2t + 1)-foils as follows: 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2 , . . . , 3t + 1, 3t + 1, 3t + 1, 3t +1, 3t +1, 3t + 1, 3t + 1, 3t + 1, 3t + 2, 3t + 2, 3t + 2, 3t + 2. The other (8t+4)-foiloids D i (i = 2, 3, . . . , n) are constructed cyclically from D 1 . We can see that all edges of K n appear 8 times.
Decompose each D i into (2t+1) quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of D i . Then they comprise a balanced quatrefoil decomposition of 8K n with r 1 = 2t + 1 and r 2 = 8(2t + 1).
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Theorem 9. When λ ≡ 0 (mod 12), n ≡ 1 (mod 2) and n ≥ 9, λK n has a balanced quatrefoil decomposition. Proof. We consider 2 cases. Case 1. n ≡ 1 (mod 4) and n ≥ 9. By Theorem 7 and Theorem 2, λK n has a balanced quatrefoil decomposition. Case 2. n ≡ 3 (mod 4) and n ≥ 11. Put n = 4t+3. Construct n (2t + 1)-foils as follows:
The edge length set of 12K n is L = {1, 2, . . . , 2t + 1}.
From the careful and patientful observations of the (8t+ 4)-foiloid D 1 , the edge lengths of 3(8t + 4) edges of D 1 are  1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, . . . ,  2t+1, 2t+1, 2t+1, 2t+1, 2t+1, 2t+1, 2t+1, 2t+1, 2t+1, 2t+  1, 2t +1, 2t +1. The other (8t +4)-foiloids D i (i = 2, 3, . . . , n) are constructed cyclically from D 1 . We can see that all edges of K n appear 12 times.
Decompose each D i into (2t+1) quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of D i . Then they comprise a balanced quatrefoil decomposition of 12K n with r 1 = 2t+1 and r 2 = 8(2t + 1).
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED We use the following permutation for a t-foil or a tfoiloid.
3 ] be a tfoil or a t-foiloid and σ = (i, j) be a permutation.
. Theorem 10. When λ ≡ 0 (mod 24) and n ≥ 9, λK n has a balanced quatrefoil decomposition. Proof. We consider 4 cases. Case 1. n ≡ 1 (mod 2) and n ≥ 9. By Theorem 9 and Theorem 2, λK n has a balanced quatrefoil decomposition. Case 2. n ≡ 4 (mod 6) and n ≥ 10. By Theorem 8 and Theorem 2, λK n has a balanced quatrefoil decomposition. Case 3. n ≡ 0, 8 (mod 12) and n ≥ 12. Construct n (n − 1)-foils as follows: 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 , 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
The other (4n − 4)-foiloids D i (i = 2, 3, . . . , n) are constructed cyclically from D 1 . We can see that all edges of K n appear 24 times.
Note that the first 4 K 3 's, the next 4 K 3 's, . . . ,the last 4K 3 's of D i don't always become quatrefoils. First, permute D i as follows:
When n = 12, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 σ 7 σ 8 , where σ 1 = (1, 7) , σ 2 = (3, 5), σ 3 = (8, 10), σ 4 = (16, 17), σ 5 = (19, 21), σ 6 = (27, 30), σ 7 = (36, 39), σ 8 = (38, 43).
When n ≡ 12, 20 (mod 24) and n ≥ 20, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 , where
When n ≡ 0, 8 (mod 24) and n ≥ 24, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 , where
Next, decompose each E i into (n − 1) quatrefoils using first 4 K 3 's, next 4 K 3 's, . . . , last 4 K 3 's of E i . Then they comprise a balanced quatrefoil decomposition of 24K n with r 1 = n − 1 and r 2 = 8(n − 1).
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. Case 4. n ≡ 2, 6 (mod 12) and n ≥ 14. Construct 2n (n −1)-foils as follows: 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 , 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
Note that the first 4 K 3 's, the next 4 K 3 's, . . . ,the last 4 K 3 's of D i don't always become quatrefoils.
First, permute D i as follows: When n = 14, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 σ 7 σ 8 , where σ 1 = (6, 11), σ 2 = (16, 22), σ 3 = (20, 26), σ 4 = (27, 30), σ 5 = (28, 31), σ 6 = (35, 37), σ 7 = (42, 45), σ 8 = (47, 51).
When n = 18, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 σ 7 σ 8 , where σ 1 = (6, 11), σ 2 = (20, 22), σ 3 = (24, 25), σ 4 = (28, 29), σ 5 = (30, 34), σ 6 = (42, 47), σ 7 = (54, 57), σ 8 = (64, 67).
When n ≡ 2, 18 (mod 24) and n ≥ 26, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 , where σ 1 = (n/2 − 3, n/2 + 2), σ 2 = (n − 1 + 2, n − 1 + 4), σ 3 = (n − 1 + n − 3, n − 1 + n − 1), σ 4 = (2(n − 1) + n/2 − 1, 2(n − 1) + n/2 + 4), σ 5 = (3(n − 1) + 3, 3(n − 1) + 6), σ 6 = (3(n − 1) + n − 5, 3(n − 1) + n − 2).
When n ≡ 6, 14 (mod 24) and n ≥ 30, put E i = σD i and σ = σ 1 σ 2 σ 3 σ 4 σ 5 σ 6 , where σ 1 = (n/2 − 1, n/2 + 4), σ 2 = (n − 1 + 2, n − 1 + 4), σ 3 = (n − 1 + n − 3, n − 1 + n − 1), σ 4 = (2(n − 1) + n/2 − 3, 2(n − 1) + n/2 + 2), σ 5 = (3(n − 1) + 3, 3(n − 1) + 6), σ 6 = (3(n − 1) + n − 5, 3(n − 1) + n − 2). Then E i 's are (4n − 4)-foiloids.
Applying Theorem 2, λK n has a balanced quatrefoil decomposition. QED Therefore, we have the following main theorem and its corollary. Main Theorem. λK n has a balanced quatrefoil decomposition if and only if n ≥ 9 and λ(n − 1) ≡ 0 (mod 24). Corollary. K n has a balanced quatrefoil decomposition if and only if n ≡ 1 (mod 24), n ≥ 25.
Conclusions
We have taken up foil type split delivery vehicle routing problems on a special network of the complete multigraphs. As a graph theoretical approach to these problems we have considered a balanced quatrefoil decomposition of the complete multigraphs, and have presented the necessary and sufficient condition for the existence of such a decomposition together with its decomposition algorithms. This decomposition, i.e. a kind of foil design, is a new design in combinatorial design theory or graph-design theory.
